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SECTION 1 CONTINENTS ANDy OCEANS

. [ . 3+
SN\ “The planet earth has a volume of 1.08 X 1012 km3” Its total

"surface area is 5.13 X 108 kmz, of which ‘ché land area makes up
only about 1.49 X IOr8 kmz . Mo_st of this land area is distrfbute_d .
. amgng the seven continents. "Table 1 lists the approximate are;'ss

- “of these continents. - ;
o bl :

i

TABLE 1: The Continents

'ﬂéie‘ ' ‘. Area in km?
'Africa - 2.99 x 107
‘ Antarctica o ‘ q 1.43 x 107
Asia - ' 4.42 % 107
Australia . 7.72x 106
Europe _ 9.74 X106
North America, 2.44 x 107
) ) Sout’h America ‘ X {‘ 1 .7? x 107

L4
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A - How can we compare the areas of these continents to get:

. some 1dea of the dxstrlbutlon of the earth's land areas° One way
. to compare, quant1t1es is to rank them in order of size. To be able
’ “ tq do this for the areas of the cont1nents, we need to be able to
-decide which ot.’ the numbers in exponential notatton is largest.
There are"/two possibilities: Exther the numbers have the same
power of ten or they do not. If the powgrs of ten are the same we

' compare the .coefficients.
|

. 'For‘exa'mp{le, which has the larger area, Mrica or Antarctica?
The area of Africa is 2.99 X 107 krnz, whereas the area of Antarct‘ica
is 1.43%x 107 }<m2 . The powers of ten are the sam&, and so the
larger number is the one with the greater coefficient. Therefore, \

&
Africa has a greater land area than Antarctica.

-

. . . -
»
. . ' .

* Wher two numbers have dlfferent powers of ten we can re-
‘te them with equal powers of ten. For example, Wthh continent
, -~ has a larger area, Burope or North America? The area of Europe is

9.74 x 106 km? and the ared of North America is 2.44 X107 km?.
Let us rewrite 2.44 X 107 km% the area of North Amerxca as
. ' 24.'4 X 106 kﬁx-z . We can- then see that North Amerlca has a greater

L ' o .
. . area than Europé.

N\ * = . Of course, when numbers are given in standard form there
N - R

_is no need for rewriting. \Wé simply look-at the powers of ten.
\ . ‘ DR -

~ The 'number wlth*the greater power of ten is the larger of the two.

Therefore we can lmmedlately say that the area of North America

.. . is larger than the area of Europe because 107 is greater than 106




Rearrange Table 1 so that the continents are lxst}d in order
from the largest to the smallest

In Table 2 the areas of the oceans are listed.

A N .

TABLE 2: The Oceans

Name Area in km?
Atlantic 8.69 x 107
Arctic . 1.33x107 7
Indian N 7.37 x 107
Pacific 1.67 x 108 .

(a) Which oceen has the largest grea?

e

' (hg) Which ocean has the smallest area?

" Which is qreater" i
(a) 3. 5X1050r 56 % 104 o
"(b) 23X1060r31X105 ‘

" () 3.7%x107 or 36 x 10°

. R . ~—
Which of the two numbers is greater? ¢

(a) 1.49 x 103 cm; 3.6.x1010 ;m
: 8

‘e

"(b) 1.49x 108 cm?; 3.6x10% km

»
To gompare two numbers in standard form that have different .
powers of.ten, why is it not necessary to change them to the
same power of ten? . . .

Q
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- (] Often,'julst ordering numbers is not enough to tell us what

’ 'wé w"15h to know. For examble, Table 3 i:resents the world pciue;

“lation by continents from 1950 to 1970. If we are descriBing Spu-

' latlon~ gro;Nth for any c_:on"tine‘nt during that pe;lod of time, we would
be interested not only in theYact f'cha‘tf tk;e population is greatesin
1970 thar in 1950 but also by hav much It is-greater. _ :

TABLE 3: World Population, by Continents, 19 50-1970 -

N " Continent* , 1950N-— _ * 1960 1970

Asia 1.38x10°  1.66x10° 2.06x109"
. AN . .

Europe o 5.72x 108  6.39%x108  7.05x 108

;/JiqrthAmerlc:'s 1.66x 108 1.99x108 2,27 x 108 g
B Ve : '

ig
South America 1.63x108 2.14x108 2.83x 108

-

Africa 2.22x108  2.78x 108, 3,44 x 108
®© . ’
Australia 1.3x 107 1.6% 107 1.95x 107
4 - . . N
. = ; - F—
Source: Adapted from U.N. Demographic YearbooK. S ]

-

o

To flng’out by how much ore quantity is greater than another,

" we calculate the difference between them by subtracting one from the
. , .

-

_other. ‘ . .
/ - .. .

To subtract or.to add numbers in exponential notation the num-

bers must have the san'é power of ten. When this is not the case,

the numbers must be rewritten. For example, to calculate the differ~

o \ \ . )

\
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\\- ence betWeEﬁ the population of Asia and the population of Europe in

\

1970 we would proceed as follows: '

(2.06 % 10%) - (7.05x 108) = (2.06 x 109) -

(0.705 % 109)

1
1

rd
n

Therefore, Asia has approximately
more than Eufope.

N

(2.06 - 0.705) x 109
1.355x% 109

1.36 % 109 or 1.36 billion people

’

‘

L

Similarly, to find the combined population of Asia, Africa, ’
and Australia in 1960, we would add.

“ (1.66 x 109) +

(1.6 x 107)

(1.66 % 109) +

(2.78 x 108) +

(0.278"x 109)

+(0.016 x 109)

»
‘ =1.95 x 109 ,
) " 6. Table 4 llsts figures for U.S. fuel productlon during 1972 and
~ A ~1973. Find by how much the production of each fuel has
. . chapged from 1972 to 1973.
TABLE 4: " U.S. Fuel Productl,on '
h ' Fuel . 1972 1973, .
Crude oil (in barrels*) 3.46 %109 |3.36% 109
- 3
) Natural gas {in £t3) 2,25x 1013 | 2,26 x 1013
. iAnthracite coal (in short tonsf*) 7.10 X 106 6.83 X100
s
' *A barrel of crude ail is equal to 42 gallons.
| [ **A short ton i's efual to 2000 pounds. '
- el to 2000 _
o ) : -
Q - /X ' "
ERIC, : .
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/ - et ¢ ‘ ,
7. (a) Use Table 3 to find the increase in populatign from 1950
to.1970 for each of the coptinents. .

)’ Whichl continent had the greatest increase? .
v~ {c) Why do you think }\ntarctica@is not listed?
(d) Find the total world population for 1950, 1960, and 1970.
)

(e) By how much did the total world pdpulation increase from
1950 to 19607 - From 1960 to 1970" Which is the greater -
increase?

> .

8. If }"ou were to answer.each of the following questions, decide

whether you would compare the quantities 1nvolved by ordenng,
. by subtractlng, or by both. !

(a) Who is the tallest student in your class?

{b) How many more students are in your classroom than in the
one next door?

(c). Have. Yyou saved enough money to buy the bicycle you saw .
on sale for $63.98? If not how much more do you 'need to
save? - (>

(d) Will the carton of books fit undemeath the table?

N

|
13 ‘ Suppose that we want to add the -followipg lengths: 3.12 km,

SECTION 2 ' REPORII\NG SUMS OF MEASURED QUANTITIBé

‘

g

\

14.1 km, and 8.19 km. The length 14.1 km is known to-the nearest
0.1 km. The other two lengths, 3.12 km @nd 8.19 km, are both”
known. to the nearest 0.01 km How should the sum be reported?

Should we report it to the nefrest 0.1 km or to the nearest 0.01 km?
\L<‘ - o, B P al

The smallest subdivision to which a measurement is>known

tells us its precisjoen: the smaller the subdivision, the more precise

K}

K
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-

the measurement, Therefore 3.12 km and 8.19 km are both more pre-

~ > -

cise than 14.1 km.

.~ -

’ The results of addmg measured quantltles cannot be moze
’”Wprecise than the original data used. A sum or a difference should,

therefore; be expressed to the same degree of precision as the least

13

precise number used in the'calculation.

{

L Adding our-distances, we find ,

| . ‘ 3.12 km
. ! f -
) 2 14.1 km

v i + _8.19 km
) 25.41 km

s . &
Smce the least precise measure ‘14,1 km, is known tq the ~

nearest 0.1 km the sum is rounded off to the nearest 0.1 km and@

A

therefore, should be reported as 25.4 km,

.
3

@ . , ’ . "
'9 . ~Whatis the smallest subdlvlslon to which each of the follow-
ing measurements is glven’?

. (a) 13.24 m
(b) 132.4 km
/ () 0.1324 km
(d) 1324 cm
‘ ’ : - g ) ‘;
- 4 .

10. Raund the following measurements as indicated.
(a) 1.247 m to the neargst 0.01 m
(b) 1.247 m to the nearest 0.1tk
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o (c) 0.84 km? to the nearest 01 km? s v
S () 1.247 m to the nearest 1m ~
v M
11. Do the following additions and eﬁf)ress each result to the right'” ) .
precision. C ) ‘
(@) 326m+451.3 m+49m+27.45m :
i ) ) : ) 4 ‘. ' . 4
- ‘ S (b) 12.6 km + 120.31 km + 0.073 km + 2.436 km
. (c) 3.49.cm+ 133 cm+ 2.38 cm + 16.6 tm ST
L ' / ) . ] ) . )
S . . 1
re- Which me“ésurement is given more precisely, 139 mor6.13km? |
' ) The - measurement ISQ m'is known to the nearest meter, whereas .
) 6. 13 km is known to the nearest 0.01 km .or i@ m. And so we knowi? - .
! ) that 139 m is more prechse than 6.13 km' ’ o . .
Not owever that we cannot say that 3 S hours is more - .
. or less prec than 13. 52 'm because we %{mot compark 0. 1 hour ". ’ - .
“and 0.01 ms « SR .
. ‘ “ ) 4 ' ’ 3 2 ) ) .
S d2. For each of the following paifs of. meaéureme}lts, tehl whleh h
- of the two measurements is less precise and why.
¢ ' (@ 6 cm; 2.3 cm Lo Lo . . .
— . Ao - ~. v ? . ‘NU ‘~ e - . ) . ¢ -
N (b) 1:38m;3.9m S A I J
(c). 2,34 in.; 2.328 in. * - . Le .
T ) 321.m3; 336.5 m3. ‘ T A AP
. © . 13.7 For each of the following palrs of measurements, gell which. '
B of the two measurements is moré preciseand why. RN
, - : (a) 32cm; 3.5 m . . .o o '
< et T &
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’

(b) 138 m; 3.65 km B

(e) 4.2 in.; 60 hours

(d 0.05cm% 17 cm® " . o
Kl 3 /,‘ ) - ‘ -

- @ - * ,
g In Table 1 the areas of North America and Europe are re-
ported-to differe'nt degrees oﬁﬁkc&sion. The area of North America,

2.44 x 107 kmz, is given to the“'hearest\loskmz. The area of Europe,
. ' ’ ’
9.74 % 106km2, is given to the nearest 104 km2. Therefore the area

of North America is reported less precisely than the area of Europe.

’

If we wanted to calculafe the difference between the afeas

of the‘two continents we would, therefore, report this difference

2

, i e .
to the nearest ‘105 km®. This is the degree of precision of the least

precise number-used in the subtraction.

. (2.44x 107 km?) - (9.74 x 10% kp2) = 1.47 x 107 km?:

Similarly, if we wanted to calculate the sum of these two areas, we -

would report the sum to the nearest 10° km2,

(2.44 X 107 km?y + (9.74 x 106 km2) = 3.41 x 107 km?

H

@ ) C/” p

4

s

ihg measurements is given? ] L A

(a) 2.9%107 km

) 7.72 x106m
d c) 7.723 x 107 m3
(d) 2.06 x 109 people

/

T

. _~ .
14, What-is thie smallest subdivision to which each of the follow- .
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 15.m.

| 4

*16.

17.

18.

Round these measu.rements as indicated

_(a) 1.342°x 105 1 to the nearest 103 m

B) 1.342 x10° m to the nearest 104 o

15 14 L

(c) 1.08 10" km to the nearest 10~ km ‘

@ 1.08% 1015 km to the nearest 1025 km

<

Which of the following measurements is less precise and why ?.

(a) 1.38 x 10° people; 3.92 x 108 people -

B) 1.66 x 108 m3 1.3x 107 m? "

c) 9.3x 1052511% Tox10M mies | -

d 3.2x103%8m; 5.1'x 10% m

e) 3.2%103.km; 5.134 x 103 ni R

Refer to the paragraph in Section 1 of this chapter where we .
compared the population of Asia and Europe in 1970. Which
pnswer, 1.355% 109 or 1.36 X 109, states the difference to

the right prectsion? B N -

Refer to the paragraph in Section 1 where the sum of the popu— .

“lations of Asia, Africa, and Australia was calculated. Was

- the sum given to the right. precision? Justify your conclusion.

19.

20.

.
-

Restate your answers for Problem 6 so that all calculations
are given to the right precision.« . .

The area of the 48 United States before 1959 was 7.8 X 106km2.

During that year, -Alaska (area = 1.5 X 106 xm?) and Hawaii |
(area = 1.7 X 104 km2) became t}je 49th and-50th states re-

. spectively. .
(@) Find the area of the U S. including Alaska.

(b) Pind the area including all 58 states.

9

12




SECTION 3 RATIOS

!

Often we compare nu'mbers by stating how many times one '

. is larger than the other rather than by how m.uch they differ. For

‘ examﬁe, an 80-pound dog is 8 times as heavy as a 10—pounc3 ¢at
although they.differ by 70 pounds. Or a $4000 car costs 40 times
as much as a $100 bicycle whereas the'difference between them is

* $3900. ) . '

T_o fir;d how many times a quantityg is‘ as great as a quan-

’ ‘ E tity'y_, we cale‘ulatethe ratio of x to y; that is; we divide x by y.
Thus to find how many ';imes larger $15 is than $3 we divide $15 by
$3. The ratio §$—3— = 5 tells us that $15 is 5 times as large as $3.

However; we mlght warit to find how many times $3 is'as large as

$15. The ratio $$15 or 'é‘ = 0.2 tells us that $3 is 0.2 times as
large as $15. —_— . ‘
¢ . .
P

a

Ifstwo quantities are to be compared by finding their ratfo,
they m(usi be expressed in the same units. If they are given in
different units, one of the quantities has to be converted to, the

unit'of the other quantity. Let us look at an example: How many ~
t

-

times is 2400 cm as large as 12 m? By converting 2400 cm into

24 m ) .
12 m = 2 tells us thet

meters we have 2400 cm = 24 m. The ratio

2400 cm is 2 times as large as 12 m.




21.

22.

23.

24,

e
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Find the ratio of

(@) 36mtol0m

(b) fifty dollars to thirty dollars
(c) $0.25to0 $6.25

800 km

(@ 64 km
v, +

(e) 6 cmto 48 cm N
Find the ratio of
(@) $5.00 to 25¢ . >
g ’ ‘
(b) 6.2 mto 40 cm , )
c) 4mtod cm ‘ ‘

d) 36 km? to 36 m?
‘(f) one quarter to twenty-five dimes
(f)

120 minutes to 2 hours

Which is heavier, the dog or the cat, if the ratio of the ;A/eight
of the dog to the weight of the-cat is )
(a) greater than 17?

(b) 1és§ than 1? T -

{c) ‘equal to1?

A

/

Boeing 707 jets can travel at a speed of 600 mph, and super-~
sonic transports (SST) can go 1400 mph. . ‘

(@) Will the ratio of the speed of the SST to the Boeing 707
be greater than, less than, or equal to 17

(b) Calculate this ratio. ™Y
{(c) " By how much do the two speeds differ?

o




The fastest speed recorded for %human being is 29.89 mph.
A cheetah (hunting leopard) is the fastest land animal* and
can run about 60 mph. A humafi being runs How many times
as fast as a cheetah? ) '

Use Table 5 to answer thé following questions.

(a) How, many times as many people speak Chinese as speak

Russian? . ,

(b) Find the ratio of the number of Portuguese -speaking people
to the number of Spanish-speaking people. 1

(¢) How many times as many people speak English as speak
French?-

TABLE §: Principal Languages of the World

1

Language Number of Speakers (in millions)

Arabic e " 9g  °

Chinese . 709
English i_ ) - . 345

_ French ; 75
German ) 120 .
Hindi - 181

. Japanese 102.

.Portuﬂgu«ese 97
Russian : 188

- 179

Spanish

’
»

At birth a blue whale is abél:lt 7 meters long and weighs abqut
2.3 tons. An adult blue whale is approximately 22 meters
long and weighs about 136 tons. ' ’

v

(a) WPat is the ratio of an adult's weight to a newborn's weight ?

(b) What is the ratio of an adult's length to a newborn's length ?
. ¢ ‘
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AREA AND POPULATION MAPS

SECTION 4
r,/ -
\‘ Whenever we have facts about regions of the Earth such-as

contlnents or countries, we can present these facts dramatically by
using maps.- For example, the data listed in Table 1 of this chapter

can be dramatized by using a map such as the one in Figure 1.

* <

Such a map dogs not fafthfuliy show the shépes of the con-
tine’nts_ since it rep.resents each one by a rectahgle.
ever, does vividly illustrate the reladtive sizes of ;he continents.
For example, the area of the rectangle for Afrlca is about twice the
area of the rectangle for Antarctlca and so we can tell that Afrlca

is twice as large ds Antarctica. «

+ = The little square in the lower right-hand corner of the map

serves as_a gcale. With it we can caglculate the area of each.con-

<

tinent. For example, Australia is represented by a reci:angle that
Figure 1
. EUROPE
NORTH AREAS OF THE |, ASIA .
AMERICA {  GONTINENTS
3
/ c AFRICA
SOuUTH « S
AMER. - AUSTRALIA
] ANTARCTICA - 5 x%0° km2

The map, how-

\

v

~ Y et
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e

A

has an area of about 15 times thé area of the little square. The

area of Australia.is 15X (5 X 10°) kmZ = 75 X 10° km2, or. about

8 x 10° xm?. :
7
: ’ GREENLAND
ALASKA .
{ * CANADA .
\ , .
" UNITED STATES
Plgure ‘2 AREAS OF MEXICO / CLjBA HAITI
NORTH AND SOUTH ="/ DR
AMERICAN COUNTRIES N =" g
: Gu-~¢ [H b
5 . L‘ES N.] . . .,
T 1]
52 S S ‘
= 5% 10° km Glsl=-rG
< -
‘ »
In Figure 2 we have
another map similar to the PERU] B. BRAZIL
one in'Figure 1: Here each X
rectangle represents fhe
area of a country. Note PA. ’
- how the recfangles are H UR §
arranged so that the 'map . 4[ *
takes on the outline of ) EJARGENTINA
North and South America.
%



S 1 :

Area is not the pnly quantlty that can be dlsplayed on such
maps, " Figure 3 is a\r}other map of the countries of North and Séuth
r’ Amenca ~In thls map each rectangle represents the populatlon of

7. each country Note, for example, how small Canada appears in

L |
4 . be

_ relatxon to.the United States.. Contrast this with the map in’ Figure 2.

" " Figure 3 1973.POPULATION’S OF NORTH AND )
.. SOUTH AMERICAN COUNTRIES -~ )
. ' ICANADA
=107 people 4 : ‘
o . ARG. = Argentina’ UNITED STATES.
B. — Bolivia
C.R.” — Costg Rica .
. COL. — Colombia B ) ™~
D.R. — Dominican Republic MEXICO CUBA
. - E.S. — El Salvador ¢ )
EC. "— Ecuador. u. ,HAD'R'
(.?. - G_vuyan§ . . ' %’j . \
. . N.
At e
HA, - Haiti S i
I/. - Ia‘hz-;lca <.
N. — Njcaragua E . .
— Panama 5 P BRAZIL ™

P.R. — Puerto Rico }
PA. -~ Paraguay

UR., = Uruguay.
-y VEN. =" Venezuela.

o

e
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¢ »

Which'do you think is more crowded — the United States or’
Canada? 3 AR
, 3
29. Why do you think Greenland is missinq frem the t‘nap in Figure 37

~

N e

The area of the State of Alaska is represented’by a separate

rectangle in Figure 2. However, in Figure 3 there is no seffa-

rate rectangle for the population of Alaska. Why do you think

this is so? If you were to draw the rectangle what would you

use for the dimensions? (The population of Alaska in 1973 was
. 3% 10° people.) o ~

30.

<«

3

-
r 3

The rectangle in Figure 3 fqr the populatio‘n‘l.of the United States
has dimensions of.3.2 ¢cm X 6.5 cm. Suggest other dimensions
that could have been used. .

31.

®

—

&

.

.

. Get together in groups. Use the data LrgTable 3 of th1s thap-
ter to make a map of the continents that reflects the population of )

each continent in 1970. Compare this map with the map of Pigure 1.

<

‘

~ "
E In an alnianac, look.up the Iand area and populqtion of your

state and all adjacent states. From this data, make up two" maps, ,

.one to display the area of each state, and one to display the popu-

K]

lation.

.« 0 . 24 k?" s

19
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SECTION 5 1 NEGATIVE EXPONENTS

) @I o e -
32, M).lltiply: P ’
“£ (a) 1000 X 10000 - L

(b) 4000000 x 100

(c) 105x,1boqo

(d)

a 103x 106\ - .

a

33. Divide:
(a) 1000000 +

5
_.10_.. ) ¢ N s
(b). Tg . A :
(c) 107 =103 s . |
108 . . o
(d) _——106 .

¥

] The quickest way to multiply two powers of ten is to add their'

H

exponents. Similarly, the quickest way to divide t.w_g‘l‘;;owers of, ten

{s to subtract their exponents. .

- N - N

Examples: ~10% x 107 = 104*7 = 101!

. 6 - 74 6-4
’ 107+ 10 10

-1
It

-~ P

102 IS

However, what do you do with the followlng'dl\ilsloq probl'em?

°
. -

R

v . o

102 + 108 =2
) 4

“

If we subtract the exponents, we get

. 10%2:10%=10%"%=10"3

v
"



[ . A

On the other hand, if wé do the division by simplifying thefraction

102 &
-, we get
10° ‘ » -
. ' . 104 10X 10 . 1

: . 10° 10x10x10x10x10 103 7 -

. And so we can apply the rule for dividing powers of ten to such prob-

.. lems as 102+ 105 by definlng 1073 {o be equal to ;LB- ‘In fact, this
. ) . ’ 14 .t 10 ——

indicates how to give meaning to any negative exponent:

- ) 1
By 10 M we'mean ——
10" ~

where n is any positive integer.
B ! ¢ k J
. _' ‘ With ghis definition of negative-exponents, we can always

. . use the quick way of dividing twe powers of ter, whether the’result-

-~ ing expohent is positive or’negative.
' \

_Note that 1073 Ts hot a negative number. In fact, 1073 is a

~

number between 0 and 1 since ’ .

o U 1973 =L - L g0

. ‘103 1000
In g'enéral;' {O"n is a mmetween 0 and 1.

x

£ d

@
v - . R
//C' . T~

34. Express the following as fractions and as decimalsg.’

(a) 10-1 o ,
-~ ‘ s
' (b) 10-2 i LI .
I - ¢ B .
- (c) 1076 RCIN . \ T / oo

(@ 1074

%.V
i ' k ‘ . ’ .

-




RS

»
M
27

35.

~ 36,

38.

37.

3

(a)

{b)

g")‘,lox 10 X 10 X 10 -

(d)

i

v

1

—

0.

103

Ta
-

1

)

1

1000000

numbers.

" (a)

0.1
0.0
0.0
0.0

Divide:
103+"10°

(a)
(b)
(c)
(d)

10
104

104 + 107

Dlylde:
1000 J

(a)
(b)
()

(@)

100
10

10

4.;.

1
001
0001

10°

=+ 103

e

0

>

’

.

2

Express the following by using negative _expgrients.

. Use negative exponents to express-the following d imal

/7
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l
39. How can we define 100 in order to give it meaning ?

‘4(}.‘, Or_dér each group of numbers-from émallest to largest. ,
A * I

(@ 1072, 0, 1071, 1, 0.5 :
b 103, 107%, o, 10, 109, 1072
o

4

;-2 T
‘ ’

2

- ’

P

~ -
] Remember how we change 2.7 X 103 into decimal form. Fipst

»

we use the meaning of 103 to tell us that 2.7 X 103 means

2.7%103=2.7%x10x10x 10

j\}‘/-» Next, we actuall?pe;fbrm the multipgcation.

»

~

A very quick way to multiply by ten three times is to shift

the decimal point three places to the right. .o \
2.7.X103=2700 = 2700 i
ALAA

Each movement of the decimal point one place to the right corresponds

\ to multiplying the number once by ten.

”

How do we chane 3.1 X 1072 into decimal form ?=We know -

that 1072 means —l—é- . Therefore, : -
/\ . w10 ' : o .
. . K
Jo 3.1x10'2=3.1x—1—2 or 3.1+ 102
10°.

- ‘ * .
To divide by 102 we can divide by ten twice. Can we perform this
division in a quick way by moving the decimal'point? Yes, but this

time we move the decimal point two places to the left, .

-2 _ -
‘3'.1>< 107%=00031 = 0.031

N




— ¥ X ”' ) ’ . ‘ ) * :' !
and fill h&he spaces with'zeros. Each movement of the decimai
y point one placito the left correspands to dividing by ten once.
V'

In Chapter 3 we learned how ta express large numbers in

exponentlél notation by moving the decimal point. For example,
] - ¢ .

‘-;’ .. 380000 =3.6x 1 D q '
What exponent goes in the box ? To find out, we start w1th/the
coefﬂclent 3.6 and move the cfeclmal a certam number of places o
so that, wewget 360000. y , - L
. 8 R 3 N . .
- - L4
We moved the decimal point five places to the right, and so &
' - 360000 = 3.6 x 1020\, - 5 s
\ 0 - :' &
A& i ” B
LT Movlng the/declmal point also works when the orig al Y
A . .
number requires agegatlve power of ten. For.exampie, _
0’-‘Q583 = 5.83 x‘iOD . co
. T 0583 © A s
L we R , b3

[

In this case we must move the decimal point two places to the left.

A < .
And so we. write _ . L

A/

0.0583 = 5.83 X 10~2
.41.

()" 4.3 x 10-2 4 ‘ -
° b) 6.67 x 1073
(o), 5.16% 104 ; .
(@, 1.71 x 100 R -,%' S T o

[
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442, Fill in the box with the correct exponent. ™
A (@ -0.034 =3.4x 105
i (b 0.0015=1.5x 10 X T
. o . P I
0.780=7.8 X 10"
' (c) ] o~ | 43
/o \ d
Vg ) \’//: /l s
( FilVin the box with the correct exponent.
' (@) 0.225=2.25% 100 -
~® & 1le0-1.60x 100
G 3700 = 3.7 x 108 :
b () 0.07\=7x10D DI T
(@ 3.g=3.8x100 & .. | .
AN . ) ‘ A . - ° .
44, ’ the fh\at 5 X, ID?/S X 100, and 5 X lO"Z are all positive
’ - numbers, regardless f the sign:of the exponent. We can
‘ .also represent negative numbers in exponentlal notation by )
. ) .o maklng the coefflcle negative .
,% < ’ ‘ - i
. ' For example, = -.5000 = -S X 103 s t
' ¥ [
“and T <100 = -1x 102 - L
. * and -0,3 = -3 x 10~1 )
¢ ) > -{ ’“'5‘""& N
e ' Write the followlng numbers in standard form. )
}\ . . ) (a) —45 . f -( * - . ¢ . ' [y
‘ L /5 (b) -23,000- < } T o ‘)
<o o o) -0.089 ¢
- " (@) -0.00016 .
-
s (e) -1.50 o ’

2
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45, Suppose'you write a number, N, in standard form. State what
the exponent of the power of ten must be if

(@) 1<N<10 ‘
(b) 10 < N<100 ' C

1 ) '
(c) 10 N<1 ,

d '0<N<1 - R
e 1<N . ‘

»

- SECTION 6 ORDERS OF MAGNITUDE

»Q “Giant redwood trees are not all the same height — some may

”b'e~60 m t;lgh and others, perhaps, 110 m. A useful wa;l to describe

the general size of redwoods is to say that they are around 102 m high.

6‘

When a quantity, such as the size of a redwood, is estima-
ted by the power of tel'.l closest to the number, the estimate is called

the order of magnitude of the number. For.example, "human beings,

whether newborn babies or basketball players, 'gre of the orde}‘ of

100 m. Flies and bees are of the order of 10~2 m.,

We determine the order of magnitude of a number by deciding
which power of ten is closest to it. For example, the order of mag~-*
nitude of 2300 is 103; that is, 2300 is closer to 103 = 1000 than it
is to 102 =100 or 104 = 10;000. Stmilarly, the.order of magnitude

~of 8x 10% = 8000 1s 10? because 8 x 10% 15 closer to 10? than to 103.

3



%

tree is 10

L4 —ra

>

. / Orders of magnitude are most useful when we wish to compare

13

quantities that can vary over S-Qast range. Table 6 illustrates this Co~

such widely dl_ffere'nt“numbers by ratio, we"often need to combare
oniy tlien: orders of magnitude. For example, let us compare the size

of a redwood aﬁd the size of bacteria. Frorp Table 6 we see that the

2
-6

10
the tree is 8 orders of magnlfude larger.

P

TABLE 6: Sizes of Objects on Earth (in meters)

_Y

,polnt by giving us a rough idea of the sizes of objects. * To compare
)

=108 times as large as bacteria. Or, in other words, ¢

Distance from Equator to North Pole

»

s~ -

\

Height of Mt., Everest

Giant treés: redwoods
Whales

Elephants; human beings )
Small birds and mammals; large lqsects

Small insects; tiny fish _

- Protozoa; grains of pollen

Human blood-cells

Bacteria

107

106

10°
10%

103.”

102.
10!
100
10-1
10~2
1073

10-4.

10°°
10-6

4

(10,000 km)
(1000 km)

(km) -

(meter)

(cm)

(micron)

1

e aaas Sae RS WY ST

Source: Adapted from D'Arcy Thompson, On Growth and Form
7(Camt\>ridgﬁe University Press, 1915).

L -
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~

Y

When we say that a number i% one order. of magnitude greater
than another, we mean that it is ten t{més as great as that number.
Similarly, if it is 2 orders of magnitude greaiér, it is 102 = 100 times
‘as great. For example, 9.28 X 193 is 5 orders oi magnitude greater
than 2.67 X 10~ because 104 is 10° times as large as 1071, Note
that 3 X 102 and 2 X 102 would be considered to have the same order

of magnitude. The order of .mag’nit’ude of both numbers is 102,

46. Estimate the following j’s orders of magnitude.

(a) The width of this page in cm
(b) The length of one mite in m

\(\) he width of your hand in m

g

(d) The diameter of a pencil in m
(e) The thickness of this book in m

47. Use Table 6 to answer the foltowing questions.. lee your
—-answers in terms of orders of magnitude.

(a) How many times larger is a whale than a human being ?
(b) How many times_larger is & human being than bacteria ?

(c) How many times larger is a whale than bacteria?

48. Table 6 indicates that the height of humans and the height of
elephants are of the same order of magnitude. Show that this

is true by looking up some actual sizes.

.9

49,~ Within how many orders of magnitude are mammals that either .
walk or run?

a

50. (a) ‘ Are the areas of all the contiments of the same order of
magnitude ?




.

y

‘™ magnltude ?

¥
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! P4 ) \
(b) Are the areas of all the oceans of the same order of

51. Which would represent the greater change for a given number —
increasing the number by one order of magnitude or doubling
the number? -

52. Since computers can calculate much more rapidly than beople

can, computers have lowered the-cost of doing calculations )
by 3 orders of magnitude, What would a car cost if its price
> were to drop by 3 orders of magnitude ?

53. Obtain a copy of the Guinness Book of World Records to help
you answer the following questions. e .

How many orders of magnitude

(a) heavier was the largest fish ev’er‘?augh_t with a. fishing
_ rod than the smallest fish? .

(b) faster was the fastest typist in Engllsh than the fastest
typist in Chinese?

(c) longer was the longest scheduled flight than the shortest

one? _ ’
7 il -~ \
J
SECTION 7 |, THE MEANING ,OF "PER" ' (
B You often see ads like those of Figure 4. If you were buying

food for your cat, which can’should you buy? The amount of cat food
in each can is different, and so to decide whi&éh is e better buy, you
should not compare the advertlsed- prlces‘direc'tly. Assuming that the
quallt{l of the food is the same}rl both cans, we should compare.the

cost of one ounce.

g
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-

In calculating the cost of one€ ;)upce we divide the.cost of a
can by the numb<er of ounces in the can. The'result of the division ‘
is the cost,of one ounce-or the cost per ounc;e. In general, this
quantity is known as the unit price. Since the unit price depends

on the unit of weighf used, this unit is written explicitly in the cal-

. culation and in the result.

(i

Figure 4

_OALEY

[~ CAT

7

X g
5

6ot FOOD 4 -|Se SB Y

Il
c

T N\

16 g5 can.

~ (%%

]

1
5.5 oz..can ; ‘

|

I

¢

20+

e

-,

In our example the 6.5-ounce can costs 20¢. Therefore the

6250¢ = 3.08¢/0z, which we

In comparison, if you were to buy

1563¢ = 3.31¢/0z. Therefore, in this

case the small can is a better buy.

unit price of cat food in that can is

read as "3.08 cents per ounce.

the large can, you would pay

¢

Let us look at another comparison. An ice skater covers

1000 meters in 1.5 minutes. A second ice skater covers }50’0 meters
in 2.3 minutes.' Which skater is faster? Knowing only the skating

time or Bnly the distance Acovered is not enough to provride an answer,
The’ que:s'tiofl "'how\fas’t" is answéred by distance per unit time, which

is called speed. " . .
c - - €

.
. . .. 30 . « 7.
N M ' ’




| - .}"5-29‘ - ®

1000m _ 667 m/min (667 meters
1.5 min - .

per minute"). The second skater, on the other hand, cavered ’

" S ’
ZISSL(:M% = 652 m/min. The first skater is therefore faster than the

The*first skater covered

&,
second.™

54, In many states grocery stores are required by law to state the

unit price for all commodities. ' Why do you think this law was
passed? y ¢

”

H

55. You can buy your favorite brand of ofange soda in a 2-liter
_ bottle for 73¢ or in a 0.3-liter can for 15¢.

Fes

(a) What is the unit price for the bottle? For the can?

(b) Which is-the better buy? . )
’ ; ¢ , h

-~ N
{ L3

56. A 1S5-ounce can of peaches costs 23 cents, and:a 24-ounce
can costs 35 cents. Which cart is a better buy ?

«

~

57. In 1975 U.S. government expenditpljes were about 3 X 1011 -
dollars. In order to really understand hbw much money was °
spent, figure out how many dollars per person that is (U.S.

,population = 2-x 108 people).

»

58. In the reading section the cost of the can in cents was divided
‘ by the weight of the cat Jood in ounces. We could also have
. - divided the weight in ountes by the cost in cents. For example,

for the large can M_l{jgguld get 15—63%?%:32 0.30 ounces for
for each cent,. or 0.300z/¢.

(a) Does this quantity mean anything, and if so, what?
(b) What advantage is there to 'knowlng oz/¢ rather than ¢/o0z?

'

N
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59. Describe some situations that would involve quantities given -
in the following units.

meters -
second

(a) a
l?’k
(b) dollars &

' person f
-

- ~ '(

(c) gallons . \
person

() pounds ) \
meter ’

60. Why do you think speeds of trains or cars are stated in km/hour . .
and spgeds of runners in m/sec? :

N

61. A good runner runs 100 m in 12 seconds. What is the flnner's ‘
speed in m/sec? In m/min? . . \

4 . |

62. Use Table 7 to answer the following questions¥ T, ' \

* TABLE 7: Rates of Txavel K \\ .
\ : - ' l\\
R ) S Traveler k . Spet;d in km/h \
L= AL1-1Y ‘ , |
"Common garden snail, slowest 0.006 " |
Common garden snail, fastest 0.05 . \
Giant tortoise, slowest 0.27 - * \
Human, walkim}z 5
Human, bicycling - * 25 ' $
‘ Hare . ! 50
Cheetah A | 97 ‘ '
Jet airplane ‘ 7 1000 o - \\
SST . SRS o201 | \
<
?z
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L ) (a) By how' many orders of magnitude is the fast §nall faster
than the slow snail ? , . :

(b) If a man bicycling*could increase his speed by 2 orders-
of magnitude he would go as fast as which other entry fnthe
table ?

(c) By how many orders of tnagnitude faster is’the hare than the
the fastest snail? . r

=

-

63. Look up the area and the populatlon of your town and calculate
the following . -

(a) People per km2

(b) km? per person

64. In 1971 the population of New York City was estimated at
7.90 X 106 persons. New York City has an area%f 830 km2
For the same year the population of Slngapore was estlmated
At 2.15 X 106 persons. Singapore's area is 190 km2. Which
is more crowded, New York City or Singapore? ~

[y R . . »

s L
SECTION 8  POPULATION DENSITIES g

B ‘ ‘The number of persons persunit area is-a useful measure for
determining how crﬁded a reglon is. We refer to thls number as
- the population density. The populatlon density, of courge, differs

for cities, rural areas, and deserts. When we 'dlvide the ;‘.otal popu-

lation of a country by the fotal area of that country, we get the

averag[e_gopulatlon g‘enslty for the entire country..

&

oS J
k . ' /3‘3

ar
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65.

66.

67.

'5-32 . .

b . . ‘ ¢
Using Table 1, which lists the areas of the continents, and
Table 3, which lists the populations of the continents, cal-

culate the average population density of each continent for =
1970. Which continent was most; crowded ? Soe

S,

The following table lists the populations and th&e areas of
selected countries.

o N
- & «
Populati . Area .
Country (persons) (Km®) /
Canada | 3 2x107 - 1x107 "
U.S.A. : 2x 108 . 9 X 106
U.S.S.R. : 3% 108 2 x 107
L .
Australid _ = 1x 107 8x 108 .
India ., 6x 108 3% 108

(a) Which country has‘the ‘largest population? Does this
country also have the largest area? . T

-

(b) Which country is 'most crowded'?)

(c) Rank the countries from most crowded to least erowded.

>

Some parts of the world are more crowded than others. The .
following table shows populatlonﬂdensitlés for various loca-

tions in t¥e United States. : LT
ropuaton Doy,
Wyo ing ~ 1.3 - . 7" Ld
WasHington, D.C. " 4.8x% 103 ‘ .
Michigan , 6.0x 101" _
Alabama aexaol,
L New Jersey 7 - 3.7>:< 10‘2 . . )
/ -
" .
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‘ (a) If the entire’ United States were populateﬂ/as densely as’

- ,Wyoming, what would the national population be" }

(b) What would the U.S. population be if it were populated._
as densely as Washington, D. C. ?

68. The most den ely populated territory in the world is the Porfu-"
— . guese provinck of Macao off the southern coast of China. It
e has an estimated population of 321,000 (June 30,1971) in'an
‘ area of 16 km2. .

a "+ (a) What is the populatlon density of Macao ?

(b) What would be the population of the earth if it were as""/
densely populated as Macao?

69. Population density is calpulated as people/km What would Q{

be the meaning of km2/person?

.

70. Table 8 gives the area of cultivated land by continents. Com- -
pare this table with Table 1. What accounts for the difference? )
f .

174 4

TABLE 8: Cult@ted Land by Continents, 1970 \ g v
u , ,
Continent Area in ki ,
Africa ‘ 2.04 x 106
Asia ] 4.49 % 106
Aus:tralla ‘4 7 X 109
Europe 4.53?< 106 )
"y North America " 2.2%106
‘ . South America 1.2 %106

71. ng Table 3 and Table 8 to answer the following questions.

<

(a) Foreach continent in-1970, how many people were fed
_ by eacl<kmz of cultivated land" . i \\




»

(b) Which continent do you think is most likely to have, a
food shortage? Which is most likely to have a food surplus"

. ¢ (c) What is the number of people/km of cultivated land for
. the world taken as a whole? .
\\ (d) Which continents argfabove the world figure for people/km?2
) ] of-cultivated 1and" Which are below ?"

-~
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g As you have seen, knowing a general rule can help us*ak .

SECTION-1  “WHAT IS THE RULE? ‘ .

) . — i N
J : Twelve different cards are to be divided in any way betwee‘{l
two glayers. -We allow for the possibility that one player will get .

them all. In how many different ways can fhls be done? .
Pl ’ N - ‘a -

, T~ R
Form smal] groups and see if you can find all ¢he possibili-

ties. If youget tired before you have f::dfi/ﬁre answer, t
Then try 3 cards,

first tc

find the number of ways of dividing 2c
4 cards. Do your answers appear to follow a general rule ? ? Predict oA
what the number of ways would be if you were given 5 cards Verify

your answer. Now what do you think the answer should be for 12 . N

cards? i
/'\ N ) . .

swer questlons that mlght othegwlse be very dlfflcult Let us con-

sider another example. ﬁ” ’

H

If yolyhfve 5 T-shirts (white, blue, black, brow,n, and

- - \L‘éa‘ °
striped) and 3 pairs of jeans (white, brown, and blue), how many
dlfferent outfits can you make from them? ' If you decided to wear
the whlte jea}ns, there would be § possible choices of T-shirts, and

so the number of ways in this case would be 5. Similarly, there-
; - : ’ J

- & i, . -

—
Ayen

2%

R
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6are 5 outfits with the brown jeans énd another S with the blue.

n. Then.the rule becomes

Adding up, we get 5+ 5+ 5 outfits.- There are no other possible o

outfits. The an'srwer is therefore™3 X § = 15 outfits.

We can genérallze this reasoning to any numb£of jeans .~
and T-shirts: S ? . )
. f* D
. [
Number of outfits = (Number of jeans) X' (Number of Teshirts)
- - A - - . * qq

. '.’.:.
We can simplify writing such rules by using symbols for

the quantltles lnvolved We can denote the number/éf jeans byj_

the number of T-shirts by t, and.the number of possible outfits by \A

,n=th . ‘ “.‘K

M A <
. N . .
., - . - R « s
<, . ‘. . . v )]
- * 4‘;\7

E 1. *+ How many outfits can-you mak? from four dlfferenb pairs of

jeans and four different s?

. .
L4
2. The map in Figufe .l shows 5 roads from Sandpit to Seaside
"and 6 roads from Seaside to Mudhole. By ho any possible
routes can one travel from Sandpit to Mudhole? ' What rule
did you use? State the'rule with symbols.

SEASIDE

Pigux;e 1

SANDPIT
' MUDHOLE - -

3. By how many differen?‘i"”utés is it-possible to trd'vel from
Sandpit to Mudhole and then back to Seaside? o~

~ + \

- 2

-

[

4

£l
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4, (a) George is now 15 years old and his sister Jane is 12:
-How o0ld will Jane be when George' s age is '20? 30? 55?

. (b) State a rule that expresses Jane's age in terms of
¢ George's age.

S. Supposethat you have a narrow strip of wood that}s 1.50 m
long and you wish to use a11 of it to make a rectangular pic-
ture frame.

(@) What will be the height of the frame if you -make the width
.. 300cm? 40 cm? 50 cm?

(b) Give a general rule that expresses the‘ height of the frame
in terms of its width.

6. An entire school is to be taken on a picnic by bus. Each bus
can hold 40 passengers. How many buses will be needed if
- the number of students and teachers i's .

(a) 400? .
- () 58027 .
(c) 7402 '
- (@) 8207

Describe in words how yc;h would find the number of buses
for- any number of people.

-

SECTION 2 VARIABLES

~

. BA ,
X Look again at the rule in the previous section: °

Number of outfits = (Number of jeans) X {Number of T-shirts)

. [

or .
n=jxt

(If Margaret has 5 pairs ef jeans and 7 T-shirts sﬁewcan make 35 ¢




> &
o]
N
¥
%

outfits. .If someone collecfed 33 jeans and 297 15ﬂ—shirts the rule
/ s
tells us/that 33 X 29 = 957, outfits could be made. The numbers

of jeans, T-shirts, and outfits can vary from one case tg another - /—~_ .

and are, therefore, called variables. -

. We can choose what the numbers of jeans and T-shirts will
be. Ihé corresponding number of outfits will then be given uniquely
by the rule. For this reason, we call the numbers of jeans and

T-shirts in this problem independent variables. The number of out- %

fits, which depends on these variables according to the rule, is

the dependent variable.

&« ~
IS If.nother common way of saying the same thing is that the
number of outfits is a function of the number of jeans and the num-

ber of T-shirts. '

-

Here is an example of a different function. If you eameg
$C .00 and spent some of it, ‘the ~amount you would have left\Nould

R be a function of how much you have spent. Spgcifically,
Amount left = 5.00 — amount spent

The amount spent is the independent variable and the amount left

is the dependent variable.

e cane |
e can write.this rule using symbols. Let s be thé amount

of money spent (in dollars) and _{_ the amount left (in dollars). The

-

£ =5.00—s

-
rulé can now be written as -
o < o~

A



A

7. The diagram in Figure 2 (b) is similar fo the diagram in Figure 2 (a)
but is magnified by a scaling factor of 1.5. Let p denote the
length 'of any line in (a) and g the length of the corresponding
line in (b). Write the rule that expresses g as a function of p.

-

Figure 2
!

\\ .
« -

8. In Problem 6, dealing with the school picnic, which is the in-
dependent variable ? Which is l:he dependent variable?

3

. /
9. (a) Express the volume of a block as a function of its length,
width, and height.

(b) What are the independent variables that determine the
area of the base of the block?

- -

10. Express the area of the surface of a'cube as a function of the
length of its edge. ' .

11. Suppose that in a supermarket you bought. some beef at $1.70
per lb., coffee at $1.6Q per Ib., and breakfast cereal at

60 cents per package. ress the total bill as a function of
the amounts of beef and coffee and the number of packages’
of cereal that you bought. Identify. any symbols that you use.

- g /

-

A

V4 /

41
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12, Using symbols, express the perimeter of a square as a func- «-./‘
tion of the length of its sfdes. i
3y
- ’t‘«(

13. (a) Which are the independent and dependent variables in

Problem 57 d ‘ . -
,P’ . , ﬁ‘ P o Y
. (b) Express the area enclosed by the frame as a function of . .
its width. A

P

(c) What would this area be if the width were 30 cm? 40 cm?
, ) 50 cm? . ’

4. Suppose that you set out from Sandpit (Figure 1) knowing that
there were 5 roads to Seaside but not knowing how many roads
there were from Seaside to Mudhole. U ing symbols, state
the rule that expresses the total number of possible routes
from Sandpit to Mudhole as a function of the number of roads

" from Seaside to Mudhole. In this rule which are the independ-

ent and dependent variables? R
, ' ) )
' , r iy
SECTION 3 WAYS TO WRITE FUNCTIONS ’ >
s Q There are some generally accepted ways of writing mathe~ -

matical expressions that make them shorter and simpler,

We can write the produ‘ct of two or more quantities repre-

sented by s}mbols by simply wrltfng the symbols side by side with-

. .o
p . out the multiplication sign, X. For example, if a denotes the length
of -a block, b its width, and ¢ its’height, we may write the formula’ °
. for its volume, V, as R ' -
. V = abc ) P
.. .
a b 4

- 42 | R §
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’ N

We can use a similar convention if we wish to multiply some
definite number byaa quantity represented by a symbol., If hot dogs
at a stand cost 40 cents each, then the cost of n hot dogs could be

written as 40n cents or 0.4n dollars.
/

In any product involving synibols and a numeral, the accepted
notation is to wnte the numeral on the ieft.: The cost 1n cents of n

hot dogs is written as 40n, not n40. ' .

L] 5 -
’
L . ‘
. .

15, Could you omit the multiplication sign from the following ? 7
State reasons for your answer. ,

(a) 7% 3
b) 5 X6 x 2
(c) 4x4 ) LN

¢

16. In simplified form, write:
(@) px (b . R
(b) pXagxr
(c) 2Xaxb
d ecx12 .
(e) cx5x%d ‘ ‘ ' )

Fonl

17.  Write the following in simplified .form.
(a)y 3 Xax4
(b) px2xqx3 . |
(c) 5x2.4x p ?
d) qx7.9 ‘
(e)

7x8 »

AC

e

- @




\

' 18. . Write, as simply as poéslble:.

N

‘ 6-8

2>
(\
h\‘ We often have to work with expressmns that are sums or

dlfferences of quantities, some of which may be prodycts of several
factors. Expressions of this kind can be quite cumpersome %&vnte.

Consider, fof example, an expression such as
- . . ‘ /,} ) {
. (7a) + (bc) — (5¢) + (2 x 4) :

€
v

Io simplify the writing in cases _}ike this, tk;e following rules have

* been adopted. A !

(i) When the factors in any product are not all numbers,
but include at least one symbol, the parentheses
are omitted.

(i1) When all the factors in a product are numbers, paren-
theses are needed. :

The preceding expression would therefore be written as
7a + bc — S5¢c+ (2x4)

Recglling what we leamed at the beginning of this section, we see

that the parentheses can be omitted p)’ecisely in those cases in

,Which the multiplication sign can be omitted.

v

(a)7(3,xaxioxC)+(sxbexd)+(9xC)—(3xs)
(b) 1.5%xpXq)—TaxbXc)

(c) (6xm)+ (3X2Xn)

(d) (3.sz><q)+((-2)x4Xr)—(8x65

19. A customer at a supermarket bought p packets of cookies at
60 cents per package, d cartons of eggs at 97 cents per car-
ton,/ and s bottles of soda at 35 cents per bottle. As simply

+

<




as possible, express the total bill in cents as a function of
P, d, and s. . .

'20. Suppose that a customer made the same purchases as in Prob- -
“ lem 19 but was entitled to a refund of 10 cents for returned
effpty bottles. Again, as simply as you can, express the )
bill in cents as a function of p, d, and s.

{

21. Express the surface area of a block as a function of its length,
width, and height. Use symbols and write the expression ir’
as simple a form as you ean.

-
]

22." ‘An Automobile Association of America (AAA) publication esti-
mates on the basis of a number of tests that the average driver

takes % of a second before rgacting to an observed danger.
Ifv denotes the driver's speéd in m/sec and d the distance in
meters that wil} be traveled during’the %—second time lag, ex-
press d, as simply as possiblé, in terms of v.

R -

. Q You learned in Chapter 3 to wrife 102 for 10Xx 10,,103 for

10X 10x 10, ‘a;ld so on.' We can use this notation qu'lte generally

for repeated multlplication of any number For inStance we can

write 72 for 7 >’<} 7 and 132 for 13X 13 X 13 X 13

The number'9?, 9x 9% 9 x 9, is read as "9 to the 4th." In
the same way 2.1 X2.1X 2.1X2.1% 2.1 = (2,1)5 {s read as "2.1
to the 5th." 3 o A : *

L]

s,

We can also use this notation with symbols and write a2 for

-

aX a, b3forbXb><b etc. TheproductaXaXaXa- 4isreadas'

"a to Fhe 4th," apd so on.

e




We can now write many functions more simply: For example,

if £ is the side of a square and A its area, we can write the area as

[y
-

a function of the length of the side:

o A=12
) .

Similarly, if s is thé edge of a cube and V its volume, we 'may write

V=53 }

.

Far these reasons the guantlty-lz Is often ref'erred to as M squared":
or "the séxuare of £," and s3 is called "s cubed" or "the cube of s. “/

8.
There are no special names for other powers. X
fe

»

To avoid confusion it has been generally-agreed that’an ex-

2 stands for p(qz) and not (pq)z.

@ ’ . i

pression such as pq

Sad

23. Write, as simply as possible: - - N .
" (@ aXaxaxbxb ’ ' '
'(b) dXdXe _ - ’\
() sXsXxtXt. '
(@ kXmxk+k O
(e) cXd+cXc , ""'\ ’ s

.

24." What is v(rrong with each of the following statements?
(a) al+b=axaxb -
(b) dxdxd=3d
' () (2a)% =242
Y@ -c? = (=0) X (-0)

>
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. SECTION 4 FINDING VALUES OF FUNCTIONS \

”
L J « , .
_ s Q Suppose we are given a function, f, as defined by
f=7a+bc—5c+ (2 x4)
and numerical values for the independent var{ebles, a=1l,b= ?:,~

and ¢ = 3. To find thé value of this function we replace each symbol

in the ixpresslon by the Corresponding numerical value:
f=(7X1)+(@2x%x3)-(5%3)+ (2x4)

Note that we used parentheses according to Rule (ii) in Section 3.

Performing the indicated operations, gives us
. , f=7+6-15+8

= 6

If we are given different numerical values for a,-b, and ¢,
the value of the function, £, may be different. For example, if a =4,

b,=3, and c = (-1), then the value of the functioh is now given by

f=(7x4)+@BX(-1)) = (5% (1)) + (2 x 4)

N L =28+ (-3) = (-5) 8 ~
/ ' N
© . =38 " ‘ &
..
. 25. Evaluate 5x + 4y — 3xy in the following cases. .
\\jl K (a) ‘x=4'y=]_ ' ' \

b)) x=1,y=0
{c) x=0,y=1
(d) x=9, y=-2 ‘

o
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26. Evaluate 10a + 2abc — 9 in the following cgses.

(@ a=1,b=2,c=3 s o .
(b) a=-1,b=2,c=2 -
. () 'a=0.5b=4,c=1 o

Rl

27. When we are glven a temperature on the centigrade scale and
we wish to express it on the Fahrenheit scale the rule is to-
multiply the centigrade tempergture by 1.8 and add 32 fo the .
product. Use symbols to expre® this rule as.simply as you
can. Be sure to define your symbols. . -

\

-

28. Evaluate the Fahrenheit temperatures that correspond to the
following centigrade temperatures .

‘(a) 100°C , ' (
b) - 0°C . (

@ 20°%

@ -40°c -

e) 37°C ol A X

29. Usethe formula A 2.2 to finﬁ the area of a square with side
£ =8.5cm. - -

*

30. Use the formula V = s to fifig e volu[&e of a cube with edg.e
‘s=5cm. ‘ -

31. If the base of a prism is a square<o£ side s and the height of
the prism is h, 1ts volume, V, is given by V= szh Find V.
when
(3 s=4andh=6

. (b)) s=6andh=4

LI
32. - Evaluate pﬁ2 + 8 when

. (@) p=8



33.

34,

33.

36.

37.

.
© 6-13 - '

(b) p=2.5 ‘ : o, / . |
© p=1 o | . '
(@ p=(4 - ‘ o -
Evaluate a2 — 3a + 2 for the fll,lowingvva‘}ues of a. S,
(@) ac4 : L ' ) -
b) a=0 - 2 L (
() a=2 , ' L >
(d) a=(-1) - ' '

-

Evaluate 4s3 for the following values/of s. . -

(@) s=1 ' .
(b) s =4{=1)

(c)r s = 3“\\ /

(d s=10

-

Evaluate d2 + £3 when d = § and f = (-2).

Which is greateg? ’
(@) 23 or 32
) 43 or 3% N

(c) 2% or 42 a ’ ..

The volume of & sphere is approximately egual to 52 percent
of the volume of a particular cube. The eie of this cube is
equal in length to the flameter of the sphere.

(a) Express the volume of the sphere as'a function of its ° N
diameter, |

(b) Find the volume of a sphegg that has a diameter of 6.0 cm.

(c) Find the volume of a sphere that has a radius\of 6.0 cm.

49 - L .
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38. It is estimated that the world's population is increasing by a
. ‘ factor of 1.2 every decade. (A decade is a period of 10 years.)
In 1970 the wo%d population was 3.6 X 109, Expressasa ,
function-of n what the expected population could be n decadeés
after 1970, ,if the present trend continues. _

Use this expression to predict, on the same assumption, the
world's population in the year.2000.

, \ , | :

SECTION 5 CIRCLES”AND -CYLINDERS | . b
\

v , _

» Qi Circles of different radii have differept areas; therefore, -

>
the area of a circle must be a function of its radius. In this sec-

tion we will derive a rule that tells us ﬂow to calc‘ulate the area g

N of a circle when'we know its radlus. : ‘ '

' We will begin by regrranging a circle into a shape that has
‘an‘ area we can easily calculate. First, we diizide a-circle into
t equal pieces, as shoyvri in Figure 3(a). Then we reassemble

the pieces so that they form a new shape, as in Figure 3(b).

» )

Figure-3—— LT ;

FUALYA

“

Figure 3(b) looks something like a parallelogram, except

’ i : . .
that the base and the top are not straight lines. Instead, tbﬁ‘-b% .
. 8, .

‘ !
. ) i .
> 4
L]
\ ’
.
r - ' .




, and the top each consist of four afcs of the clrcle The area of the
parallelogram" is equal to that of the’ glrcle because the new
shape is made by rearranglng ‘the same elght pi,eces of the circle. =
Alsq, the-four arcs that form the base are simply four of ther elght
equal arcs into which we had divided the circumference of the _ctr-
. cle.’ Therefore, the combil:lea length of these four arcs-equals half
of the circumference.

\
[

‘Let us divide the same circle into_ a greater number of equal
A pleces and reassemgfe them [see Eigure 4(a) and- (b)]. Figures 4

and 5 show the results of doing this for 16 pieces and for 32 pieces.

Figure 4
(@) (b)

WY

-~ N » '
. .
.
e
\ _— - R
- . N ¢ )

Figure §_ .

() (b) : : o

. 4

»

+~ It does not matter into how- many equal pieces we divide the

-

circle: The area of the ' parallelogram“ that they form always equals-

the area of the circle. The sum of the lengths of the arcs that make

<




[ v

up the base remains equal to half the circumference of the circle.

— By comparing\Figurés 3, 4, and‘Sf we can 'see that as the number

of pleces increases, the base of the "parallelogram" becomes more

As the number of pléces increases, this angle géts closer antl

like a stralght line. ‘Now let us also look at the angle labeleé\j.

closer to 90 . Therefore, with a large enoggh number of pieces

the "parallelogram" will look juust lilﬁe a rectahgle Bavingé a base /
e'que‘l to half the circumference and a height equal to the radius o
(Figure 6). . T .

Figure 6

' |<—,32c CIRCUMFEKENCE —-fl

" How can we express half the circumference of a circle as -

a function of)’its radius? Since circumferem@/éw X diameter
l‘-circumference = 7 X radius, or simply nr. You will recall that

2"
tl}e area of a rectanle is given by the product of its base and its

e
\

height.. Therefore, the area -of the circle is given by tﬂe rule

= (n:r)r = '.‘I'Iz '

e

(a) 12'cm
b) 4.4 cm
) 15 cm

s




40.

41.

. 42,

43.

44,

45.

7 . ~

What is the area of the largest circle that can be cut from a
square plece of leather 13 cm ona side 2

(a) Without calculating, decide which area is greater, that

of-one circle. with a radius of 12 cm or that of two circles
each 6.cm in radius.

(b) Check your answer by calculating these areas.

[}
»

A pizza that has a 10-inch diameter costs $2 in a certain
store. If you were the store manager and decided to sell

14-inch pizzas, about how much should you charge? Why?,

“

In terms of w, find the area of the shaded ring shown in
Figure 7. Could you draw a circle that has an area exactly
equal to ‘that of the ring? - - ’ “

Figure 7

(a) - Consider a cylinder that has a height h and. a circular
base of radius I. Express its volume V as a function of h

andr. . )

(b) What is the volume of a tin can that has a height of
15 cm and a radius of 6 cm?’ .

L4

If a can is 8.3 cm tall and has a diameter of 6.6 cm, what
volume of solp could it hold ?




46. A solid aluminum cylinder has a radius r'and a height of
10 cm. Each cm3 of aluminum weighs 2.8 g. Express the
welght of the cylinder as a function of I.

¥ " - .
47. The radii and heights of three cylinders A, B, and C are
given in the following table. Which cylinder has the great-
“est volume and which has the least volume ?

Y]
Radius Height

(in cm) (in cm)
/ N A 1 8
~ B 2 4
c 4 2

> -
a-

+
48. Express the total surface area of a circular cylmder as a
function of its radius and height.

SECTION 6  PERMUTATIONS

- []

V,/ . . ‘\\~ .

\‘ We saw in Section 1 that if we have j jeans and t T-shirts

we can maKe jt outfits. This rule Is a special‘ case of a more gen-
eral rule. Suppose that we have to perform a pair of opecations.

If a denotes the number of ways of doing the first operation,” b the
number of ways of doing the'second, and N the number of ways of

doing the’ pair, then C ‘ ,
N =ab .

o 49, A mer ip-d reéstaurant is declding among the following
o tems, which he has selected from the menu. -

" 54

,

@




Méln Dish Dessert
L Fried chicken Apple ple
“ A - Fried fish Cheese cake
"’ \ Seafood Ice cream .
" Steak .

1
Ir} how many dif.ferent ways can he choose his meal?

50. A girl and a boy have to be chosen to represent their class .
at a meeting. If there are 14 girls and 12 boys in the class, -
in how many ways c&n the pair be selected ?

* H

\\51. You have to perform three operations and there are a ways of
’ doing the first, b ways of doing the second, and ¢ ways of
< doing the third. Express the number of ways, A_I” of. doing
. all three as a function of a, b, and c.

52. Suppose that-the restaurant customer of Problem 49 also
wished to choose from among four possible beverages, What
would now be the total number of posslbilities open to him?

53. Suppose we have two objects, @ and M , and we wish to
arrange-thent in line. Clearly, there are two alrrangements

e
possible, either @M or M@ . In how many ways can
three different objects be arranged in line" Explain your '
reasonlng.
s .
. B4

N

L] The different orders ln which a given number of objects can
be arranged on a llpe are called permutations. -For two objects Q )

- ‘
and M, there are two permutations: ‘@ Il and l@. InProb~

lem .§3 you found the permutations of three objects. Clearly, the
number of permutations depends on the number.of objects. What is

the rule that expresses this dependence ?

90 |
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Let n denote the nurﬁber of ’.objects. To'arrange the objects
we must decide which td put in the first place, which to put in the
second, and so on. There are n possibilities for the firs{ place.

. The number of possibilities left for1 the secondsplace is (n —1) be-
cauée one of the‘objects has already been uséd !:o fill the first
f)lace. The number of ways of fillipg‘ the first‘ two places is thex;e— -

-

forenn—1)."

-
~

The number of possibilities ‘fc;r the third place is (n— 2),

" since that is the number of objects left now that the first two hav_e
been selected. The number of ways‘of f;lling the first three pla_s;es
is therefore n{n ~ 1)(n - 2). We continue in this way until all the -

~objects have beerfplaced.- The number of possilgilltles at each step
Is one fess than at the px?eviou’s step. For that last place there is

r [

only one objegt left. )

»
®

. N If P denotes the number of permutations of n objects, we

see that _

*‘P=nXnh—-1)XMnh—=2)X...X3X2X1

. L

> »

that is, the product of all positive integers up to n. The product,
o ‘ , . LY - v
nX (n—1) %X/ (n=2)X ....X3X2xX1, is usually written more com~ *

)
pactly as n!, which is read as "n factorial.” Therefore,

- P = n!

‘54, Calculate the following.

(a) 6! - ' ‘ L.
b 9t - f \

N
oy




(d - 1!

. * In how many ways can six different objgcts be arranged?
\ .

There were seven candidates on the ballot in a presidential
" primary election. 'Assuming that there were no ties, state
how manydifferent outcomes were possibie.

In a track meet five girls have entered the 1000-m race. In
how many ways can the five girls be posmoned in the five
. starting anes'? *

How many S5-digit numbers can you make that contain all the
odd digits 1, 3, 5, 7, 9 with each nlc(cumng once?

-

. > 4
Seven competitor®.take part in a race. At the end of the race
* the names of' who came in first, second, and third are an-
nounced. How-many possible outcomes are there?

2

A group of 3 boys and 3 girls is to be photographed with the
boys’ seated in a row and the girls standing behind them. In
how many ways can the group be arranged? .

i

|

-~ )
How many ever numbers having’ 5 digits. can you make if the
first digit on the left-may not be 0 ?

)
-

How Many different 4~ -digit numbers are there that have the
first digit different from 0, the second odd, and the last 2
digits different from each other?




E At the beginni;’lg of this chapter we discuss;d in how many

ways we could divide a number of different cards betwee,q two

play.ers? V\}e can now answer the question completely. —

N \ DN

Suppose there were 5) cargls-in all.. For eac;h card we would

have to decide whether to give it to the first player or th'e second.

The number gf possible decisions for each card is theref;)re 2.

Sl;lce the same decislon.has to be made for each of the 5 cards,

the total number o/f' possible decisions is

2x2x2x2x%x2=2%232

>

It is aiso clear that if there were 12 cards, the number of ;Sés's,iky‘e
. y
decisions would be . ‘ :

- R

212 = 4096

LR e (: 4!;

-
’

Quite generally, if we denote the number of cards by n and the num-
< ~

ber of possible.ways of dividing them between two players by D, then

= oh e
D=2 ) A §
{
63. A setof ¢ cards is to be divided 'among p players. Let N \
denote the number of wllys in which the cards can be divided,’
and express N as a fundtion of ¢ and p. : . V

’

’ ,
64. Five different objects are to be divided ?Ln%g three people.

Ir} how-many ways can this be done? ) -

65. Before Mercedes went away to college, she left at home a
’ shelf of 15 books and told her younger‘sister Amanda to take
any of them that she wanted. How many possible choices of
one or more books could Amanda make?

>

N

3




